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Abstract
We obtain a formula for the number of classes of regular branched coverings of compact surfaces.
The formula gives the number of coverings with a fixed automorphism group G and a determined
type of branching data in terms of algebraic operations in the center of the group algebra of G.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction
The problem of enumeration of regular coverings of surfaces has been studied using
diverse techniques and by several authors: Mednykh [7,8], Jones [3,4] using Character
Theory and Kwak and Lee [5,6], using Burnside Lemma.
In this paper we produce a formula for counting the number of classes of regular
branched coverings of compact surfaces. The formula gives the number of coverings in
terms of operations in the center of a group algebra. This new approach has its origins in
the Topological Quantum Field Theories (see [1,2]).
The new formula appears to be very efficient when the structure of the center of the
group algebra is known and the conjugacy classes can be computed. We provide two
E-mail addresses: acosta@mat.uned.es (A.F. Costa), natanzon@natanzon.mccme.ru (S.M. Natanzon),
asilva@mat.uned.es (A.M. Porto).
0195-6698/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2004.09.001
A.F. Costa et al. / European Journal of Combinatorics 27 (2006) 228–234 229
examples in Section 3. In Section 4 we consider the nonorientable case (see Refs. [3–5],
for different approaches).
2. Center algebra and number of regular coverings
2.1. Center algebra
Let H be a finite group. We denote by AH the set of conjugacy classes of elements
of H . Let C[H ] be the group C-algebra of H . For α ∈ AH we define Eα = ∑a∈α a ∈
C[H ]. The set {Eα : α ∈ AH } is a basis of Z H , the center subalgebra of C[H ].
Let S be a set, we denote by |S| the cardinality of S. We denote by [a] ∈ AH , the
conjugacy class of a ∈ H . The involution h → h−1 defines two involutions: one on
AH given by α = [a] → ∗α = [a−1] and one on Z H that is the linear extension of
Eα → ∗Eα = E∗α which is an antiautomorphism. The algebra Z H is a Frobenius algebra
with an inner product defined by (Eα, Eβ) = |α||H |δα,∗β = 1|H |
∑
a∈α,b−1∈β δa,b (see [1]).
The element C of C[H ]:∑
(h,k)∈H2
hkh−1k−1
belongs to Z H , which means that we can write C = ∑α∈AH λα Eα , for some λα ∈ C. In
what follows we will write K for the element C whenever it is considered as an element
of Z H .
Let g be a positive integer and γ1, . . . , γk ∈ AH . We define:
〈γ1, . . . , γk〉H,g = |H |(Eγ1 · · · Eγk , K g).
2.2. Regular branched coverings
Let Ωg,k be an oriented compact connected surface of genus g with k marked points
P1, . . . , Pk .
A branched covering (of finite degree) of Ωg,k is a map ϕ : Ω˜ → Ωg,k , where Ω˜ is an
oriented compact connected surface, such that the restriction:
ϕ|Ω˜−ϕ−1{P1,...,Pk} : Ω˜ − ϕ−1{P1, . . . , Pk} → Ωg,k − {P1, . . . , Pk}
is a preserving orientation local homeomorphism. A preserving orientation homeomor-
phism φ : Ω˜ → Ω˜ is called an automorphism of ϕ, if ϕ ◦ φ = ϕ. A branched covering ϕ
is called regular if there is a homeomorphism θ : Ω˜/Aut(ϕ) → Ωg,k such that ϕ = θ ◦ π ,
where Aut(ϕ) stands for the group of automorphisms of ϕ and π : Ω˜ → Ω˜/Aut(ϕ) is the
natural projection.
Given a finite group H , a triple (ϕ, Ω˜ , ψ) is an H -covering if both ϕ : Ω˜ → Ωg,k is a
regular branched covering of surfaces and ψ : H → Aut(ϕ) is an isomorphism.
Given two H -coverings (ϕi , Ω˜ i , ψi ), i = 1, 2, an isomorphism of the H -coverings
is a preserving orientation homeomorphism φ : Ω˜1 → Ω˜2 such that ϕ1 = ϕ2 ◦ φ and
φ ◦ ψ1(h) = ψ2(h) ◦ φ for any h ∈ H .
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Let P ∈ Ωg,k . The H -coverings of Ωg,k are in one to one correspondence
with the normal subgroups N  π1(Ωg,k − {P1, . . . , Pk}, P) such that π1(Ωg,k −
{P1, . . . , Pk}, P)/N is isomorphic to H .
Two epimorphisms ω1, ω2 : π1(Ωg,k − {P1, . . . , Pk}, P) → H are equivalent if there
is an inner automorphism θ of H such that ω1 = θ ◦ ω2, i.e. there is a h ∈ H such that
ω1(x) = hω2(x)h−1 for all x ∈ π1(Ωg,k − {P1, . . . , Pk}, P). Hence there is a one to
one correspondence between the set of classes of H -coverings and the set of classes of
epimorphisms from π1(Ωg,k − {P1, . . . , Pk}, P) to H .
Let Di , i = 1, . . . , k, be k discs such that Di is contained inΩg,k−{P1, . . . , P̂i , . . . , Pk}
and Pi belongs to the interior of Di . The fundamental group π1(Ωg,k − {P1, . . . , Pk}, P)
has a canonical presentation:〈
a1, . . . , ag, b1, . . . , bg, x1, . . . , xk :
( g∏
i=1
ai bi a−1i b
−1
i
)
· x1 · · · xk = 1
〉
, (∗)
where the generators xi , i = 1, . . . , k, are represented by loops based in P: ηi∂ Diη−1i , ηi
being a path in Ωg,k − {P1, . . . , Pk} joining P with ∂ Di and ∂ Di having the orientation
induced by the orientation of Ωg,k .
Let (ϕ, Ω˜ , ψ) be an H -covering and [ω] be the correspondent class of epimorphisms.
Let xi ∈ π1(Ωg,k − {P1, . . . , Pk}, P) be one of the generators described above. The
conjugacy class [ω(xi )] of ω(xi ) is an element of AH which depends only on the class
of the H -covering and not on the canonical presentation of π1(Ωg,k − {P1, . . . , Pk}, P).
In what follows the ordered set ([ω(x1)], . . . , [ω(xk)]) will be called the type of the H -
covering.
2.3. The main propositions
Let (γ1, . . . , γk) ∈ AkH . Denote by
YH,g(γ1, . . . , γk)
the set {ξ ∈ Hom(π1(Ωg,k − {P1, . . . , Pk}, P), H ) : ξ(xi ) ∈ γi } and by
X H,g(γ1, . . . , γk)
the set {ξ ∈ Epi(π1(Ωg,k − {P1, . . . , Pk}, P), H ) : ξ(xi ) ∈ γi }, where x1, . . . , xk are the
generators of a canonical presentation such as the one in (∗).
A formula for |YH,g(γ1, . . . , γk)| using the algebra structure of Z H is given by the
following proposition.
Proposition 1. 〈γ1, . . . , γk〉H,g = |YH,g(γ1, . . . , γk)|.
It is possible to give a proof using the fact that 〈γ1, . . . , γk〉H,g defines a Topological
Field Theory (see [1]) but we shall present a direct one.
Proof. First we analyze 〈γ1, . . . , γk〉H,g = |H |(Eγ1 · · · Eγk , K g). In the algebra C[H ] we
have the equalities:
Eγ1 · · · Eγk =
∑
qi j ∈γ j
qi1 · · · qik =
∑
pt
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and
K g =
 ∑
(h,k)∈H2
[hkh−1k−1]
g =∑ g∏
i=1
[hi kih−1i k−1i ] =
∑
su .
Therefore we have (Eγ1 · · · Eγk , K g) = (
∑
pt ,
∑
su) = 1|H |
∑
δpt ,s−1u .
Each nontrivial term in the sum
∑
δpt ,s−1u determines an ordered set
(qt1, . . . , qtk , hu1, . . . , hug , ku1, . . . , kug )
of elements of H such that qt j ∈ γ j and( g∏
j=1
hu j ku j h−1u j k
−1
u j
)
· qt1 · · · qtk = 1.
For such a term we define ξ ∈ Hom(π1(Ωg,k − {P1, . . . , Pk}, P), H ) by ξ(ai ) = hui ,
ξ(bi ) = kui , ξ(x j ) = qt j , and reciprocally we can define a nontrivial term of
∑
δpt ,s−1u
from a homomorphism ξ , thus
∑
δpt ,s−1u = |YH,g(γ1, . . . , γk)|. 
Our task reduces now to find a formula for |X H,g(γ1, . . . , γk)|. The number of classes
of H -coverings (ϕ, Ω˜ , ψ) having the type (γ1, . . . , γk) is given by
|X H,g(γ1,...,γk)|
|Inn(H)| .
In order to compute |X H,g(γ1, . . . , γk)| we follow the method of P . Hall as explained
in [3,4].
Consider a subgroup H˜ ⊂ H and α ∈ AH , we denote by α H˜ the set of conjugacy
classes in AH˜ consisting of elements of α. For γ1, . . . , γk ∈ AH we have that
|YH,g(γ1, . . . , γk)| =
∑
H˜⊂H
∑
{γ˜i ∈γ H˜i }
|X H˜ ,g(γ˜1, . . . , γ˜k)|.
Given H˜ ⊂ H , we denote byΦ(H˜ ) the sum∑{γ˜i ∈γ H˜i } |YH˜ ,g(γ˜1, . . . , γ˜k)| and byΨ (H˜)
the sum
∑
{γ˜i ∈γ H˜i } |X H˜ ,g(γ˜1, . . . , γ˜k)|. We have that Φ(H˜ ) =
∑
G⊂H˜ Ψ (G).
Let µ be the Möbius function for H . This assigns an integer µ(H˜) to each subgroup H˜
of H by the recursive formula∑
G⊃H˜
µ(G) = δH˜ ,H .
Thus∑
H˜⊂H
µ(H˜)
∑
{γ˜i∈γ H˜i }
|YH˜ ,g(γ˜1, . . . , γ˜k)| =
∑
H˜⊂H
µ(H˜)Φ(H˜ )
=
∑
H˜⊂H
µ(H˜)
∑
G⊂H˜
Ψ (G)
 = ∑
G⊂H
∑
G⊂H˜
µ(H˜)
Ψ (G)
=
∑
G⊂H
δG,HΨ (G) = Ψ (H ) = |X H,g(γ1, . . . , γk)|.
Hence, we have:
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Proposition 2. |X H,g(γ1, . . . , γk)| =∑H˜⊂H µ(H˜)∑{γ˜i∈γ H˜i }〈γ˜1, . . . , γ˜k〉H˜ ,g.
3. Examples
Example 3. Let D3 = 〈r, s : r3 = s2 = srsr = 1〉 be the dihedral group of six elements.
There are three conjugacy classes in D3:
ρ = {r, r2}, σ = {s, rs, r2s} and 1 = {1}.
We want to compute the number of classes of D3-coverings of a genus two surface
branched on three points and of type (ρ, σ, σ ). Since an element of ρ and an element of σ
generate D3 we need to compute 〈ρ, σ, σ 〉D3,2.
First we compute K . We have:
K = 18 + 9Eρ = 32(2 + Eρ).
Having in consideration that Eρ Eρ = 2 + Eρ and Eσ Eσ = 3 + 3Eρ we obtain:
K 2 = 34(6 + 5Eρ) and Eρ Eσ Eσ = 6 + 6Eρ.
Since (Eρ, Eρ) = 13 :
〈ρ, σ, σ 〉D3,2 = 6.(6 + 6Eρ, 34(6 + 5Eρ)) = 36.22(1 + Eρ, 6 + 5Eρ)
= 35.2(6 + 10) = 35.25.
If we now want to know the number of epimorphisms with type {ρ, σ, σ } (unordered)
on the surfaces of genus two branched on three points, we have 3.35.25 and this result
agrees with η(2, 1, 3) in Lemma 6 of page 204 of [6]. To have the number of D3-coverings
we divide the above number by the order of the group of inner automorphisms. Since
|Inn(D3)| = 6 we obtain 35.24.
Example 4. Let A4 = 〈a, b : a2 = b3 = (ab)3〉 be the tetrahedral group. The four
conjugacy classes in A4 are: [a], [b], [b−1] and [1].
We want to compute the number of classes of connected A4-coverings of a genus two
surface branched on three points and of the type ([b], [a], [b−1]). Since an element of [b]
and an element of [a] generate A4 and |Inn(A4)| = 12, then we need only to compute
1
12 〈[b], [a], [b−1]〉A4,2.
We have:
K = 48 + 32E[a] = 24(3 + 2E[a]), K 2 = 28(21 + 20E[a])
and
E[b]E[a]E[b−1] = 12(1 + E[a]).
Since (E[a], E[a]) = 14 :
〈[b], [a], [b−1]〉A4,2 = 12.(12(1 + E[a]), 28(21 + 20E[a]))
= 12(28.21 + 28.20.3)
= 210.35.
So the number of A4-coverings of such type is 28.34.
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4. Coverings of nonorientable surfaces
Let∆g,k be a nonorientable compact connected surface of genus g with k marked points
P1, . . . , Pk .
Let H be a finite group. We define H -coverings and equivalence of H -coverings
as in the orientable case but substituting orientation preserving homeomorphisms by
homeomorphisms.
Let P ∈ ∆g,k and Di , i = 1, . . . , k, be k discs such that Di is contained in
∆g,k − {P1, . . . , P̂i , . . . , Pk} and Pi belongs to the interior of Di . The fundamental group
π1(∆g,k − {P1, . . . , Pk}, P) has a presentation:〈
a1, . . . , ag, x1, . . . , xk :
g∏
i=1
a2i · x1 · · · xk = 1
〉
,
where the generators xi , i = 1, . . . , k, are represented by the loops based in P:ηi∂ Diη−1i ,
ηi being a path in ∆g,k − {P1, . . . , Pk} joining P with ∂ Di .
Let (ϕ, ∆˜, ψ) be an H -covering and ω be a representative of the class of corresponding
epimorphisms. Let xi ∈ π1(∆g,k − {P1, . . . , Pk}, P) be one of the generators described
above. The union (as sets) of the conjugacy classes [ω(xi )] ∪ [ω(xi )−1] does not depend
on the canonical presentation of π1(∆g,k − {P1, . . . , Pk}, P). The ordered set ([ω(x1)] ∪
[ω(x1)−1], . . . , [ω(xk)] ∪ [ω(xk)−1]) will be called by the type of the H -covering.
Let (γ1, . . . , γk) ∈ AkH . We denote by
Y ′H,g(γ1 ∪ ∗γ1, . . . , γk ∪ ∗γk)
the set
{ξ ∈ Hom(π1(∆g,k − {P1, . . . , Pk}, P), H ) : ξ(xi ) ∈ γi ∪ ∗γi }.
For α ∈ AH we let Fα∪∗α =∑a∈α∪∗α a ∈ C[H ]. The element Fα∪∗α is in Z H because
Fα∪∗α is equal to Eα or to Eα + ∗Eα , depending either on α = ∗α or α = ∗α.
The element:
L =
∑
h∈H
h2 ∈ C[H ]
belongs to Z H .
Let g be a positive integer. We define:
〈〈γ1 ∪ ∗γ1, . . . , γk ∪ ∗γk〉〉H,g = |H |(Fγ1∪∗γ1 · · · Fγk∪∗γk , Lg).
In a similar way as described in Section 2 for orientable surfaces it is possible to
establish the following proposition:
Proposition 5. 〈〈γ1 ∪ ∗γ1, . . . , γk ∪ ∗γk〉〉H,g = |Y ′H,g(γ1 ∪ ∗γ1, . . . , γk ∪ ∗γk)|.
From the above proposition and reproducing the argument in the last part of Section 2
it is possible to give a formula for
|{ξ ∈ Epi(π1(∆g,k − {P1, . . . , Pk}, P), H ) : ξ(xi ) ∈ γi ∪ ∗γi }|
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and then for the cardinality of the set of classes of H -coverings (ϕ, ∆˜, ψ) having the type
(γ1 ∪ ∗γ1, . . . , γk ∪ ∗γk).
Example 6. We want to compute the number of classes of connected A4-coverings of a
genus two nonorientable surface branched on two points and of the type ([b] ∪ [b−1], [a]).
We need only compute
1
12
〈〈[b] ∪ [b−1], [a]〉〉A4,2.
We have:
L = 4 + E[b] + E[b−1], L2 = 4(6 + 2E[a] + 3E[b] + 3E[b−1])
and
(E[b] + E[b−1])E[a] = 3(E[b] + E[b−1]).
Thus:
〈〈[b] ∪ [b−1], [a]〉〉A4,2 = 12(3(E[b] + E[b−1]),
4(6 + 2E[a] + 3E[b] + 3E[b−1])) = 25.32.
The number of classes of such A4-coverings is 23.3.
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